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Problem:

Find the greatest real number M such that

(x2 + y2)3 ≥ M(x3 + y3)(xy − x− y)

for all real numbers x, y satisfying x+ y ≥ 0.

Solution: The answer: The greatest M = 32.

x = y = 4 yields M ≤ 32. Let us prove that

(x2 + y2)3 ≥ 32(x3 + y3)(xy − x− y)

Let s = x2+y2 and t = x+y. We should show that for all 2s ≥ t2 and t ≥ 0 the inequality

s3 ≥ 8t(3s− t2)(t2 − 2t− s)

holds. Now let s = rt. This transforms the required inequality to the inequality

r3 ≥ 8(3r − t)(t− 2− r)

for 2r ≥ t ≥ 0.

Since for all 2r ≥ t ≥ 0 we have

r3−8(3r−t)(t−2−r) = 8(t−(2r+1))2+r3−8r2+16r−8 ≥ r3−8r2+16r = r(r−4)2 ≥ 0

the proof is completed.


